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Abstract
We compute the one-loop worldsheet S-matrix for the superstring in AdS3×S3× T 4 supported
by a combination of RR and NSNS flux in the massive sector. In the appropriate regularization
scheme it agrees with the S-matrix found from symmetry considerations including the proposed
dressing phases. As previously observed in other cases the massless modes decouple from the
calculation of one-loop massive mode scattering. We also calculate the correction to the dis-
persion relation at two loops in the Near-Flat-Space limit and find agreement with a proposal
for the form of the exact dispersion relation for the massive modes. Somewhat surprisingly the
massless modes again decouple from the calculation (in a suitable regularization scheme). We
also compute the correction to the dispersion relation for the massless modes and compare to
a suggestion for the exact dispersion relation, finding a small discrepancy. The corresponding
calculations for AdS5 × S5 and AdS2 × S2 × T 6 are used for comparison.
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1 Introduction and summary
Several instances of the AdS/CFT -correspondence have an underlying integrable structure.
Here we will focus on the AdS-side of the correspondence. In the classic example we have
strings in AdS5 × S5 [1] whose (classical) integrability was demonstrated in [2]. By now many
more integrable examples are known. In order of decreasing number of supersymmetries we have;
AdS4×CP3 [3–6] preserving 24 supersymmetries, AdS3×S3×T 4 and AdS3×S3×S3×S1 [7–9]
preserving 16 supersymmetries, AdS2×S2×T 6 [10] and AdS2×S2×S2×T 4, AdS3×S2×S2×T 3
etc. [11] preserving 8 supersymmetries.1 Even more examples can be obtained by dualities
or deformations of these. With such a rich set of examples it is natural to try to find the
structures they all have in common. In this paper we will focus on the examples of the form
AdSn×Sn×T 10−2n where n = 2, 3, 5. The reason for this is that they are the simplest examples
for semi-classical computations in a near-BMN expansion since they do not have any cubic
interaction terms in the Lagrangian.
In [16] the one-loop worldsheet S-matrix in the massive sector was computed for these ex-
amples and the dressing phases were shown to match the conjectured ones. In that paper the
backgrounds were supported by pure RR flux. Here we will complete the one-loop analysis by
considering also AdS3 × S3 × T 4 with a mix of RR and NSNS flux. We find that this case,
although somewhat more complicated, exhibits the same wave function renormalization as the
pure RR backgrounds of [16]. We also show that just as for the pure RR cases one can find a
regularization scheme such that the massless modes decouple and the full one-loop result follows
from the supercoset sigma model. The one-loop dressing phases again agree with the ones found
via generalized unitarity and crossing symmetry [17–19].
We also compute the two-loop correction to the dispersion relation for strings in AdS3 ×
S3×T 4 with mixed flux and find that, for the massive modes, it agrees with the proposed exact
form [20, 21]. The computation is done in the near-flat-space limit to minimize the complexity
of the calculations. Surprisingly we find again that there is a regularization scheme in which
the massless modes decouple from the calculation and the supercoset model gives the complete
answer. The same is shown to happen in AdS2 × S2 × T 6. For the correction to the dispersion
relation for massless modes however, we find a result which differs from the suggested form for
the exact dispersion relation [22, 23, 21]. This discrepancy is not limited to the mixed flux case
but is there already in the pure RR case (it takes the same form in AdS2 × S2 × T 6 but in that
case the exact dispersion relation is not known). We give some possible explanations for this
mismatch below.
The results for the two-loop correction to the dispersion relation in the Near-Flat-Space
(NFS) limit can be summarized as follows
AdS5 × S5 : ε2|2−loop = −
p4−
192
,
AdS3 × S3 × T 4 : ε2|2−loop =
{
−qˆ2 p
4
−
192 (massive)
−qˆ2 p
4
−
32pi2
(massless)
, (1.1)
AdS2 × S2 × T 6 : ε2|2−loop =
{
−14
p4−
192 (massive)
−12
p4−
32pi2
(massless)
.
1Reviews of the integrability machinery applied to some of these backgrounds include [12,13] for AdS5×S5, [14]
for AdS4 ×CP3 and [15] for AdS3 × S3 ×M4.
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The calculation for AdS5 × S5 was first performed in [24] and agrees with the expansion of the
exact dispersion relation
ε2 = 1 + 4h2 sin2
p
2
. (1.2)
This case is included here only to demonstrate the similarities to the other two cases. For the
AdS3×S3×T 4 case the correction to the dispersion relation for the massive modes agrees with
the suggested exact dispersion relation [20,21]
ε2± = (qgp±m)2 + 4qˆ2h2 sin2
p
2
, (1.3)
with m = 1. Here g is the string tension (this was replaced by h in [20]) and the parameter
0 ≤ q ≤ 1 controls the amount of NSNS-flux2 while qˆ2 = 1 − q2. Surprisingly we find that,
in an appropriate regularization scheme, the massless modes completely decouple from this
calculation and the result is simply what one obtains from the supercoset sigma-model. The
fact that massless modes decouple, in a certain regularization scheme, from computations of two
and four-point functions for massive modes was seen at one loop in [16]. Our results suggest that
this decoupling might extend to two loops. This is somewhat surprising since the supercoset
sigma-model is a non-critical string and one would expect problems unless the massless modes
are included to make the model into the full critical superstring. These problems could of course
show up only at three loops.
For the massless modes the exact dispersion relation was suggested to have the same form
as in (1.3) but with m = 0 [21]. But here we find a result that differs by a factor of 6/pi2 from
the one coming from the suggested exact dispersion relation. The extra factor of 1/pi2 can be
traced to the types of integrals that contribute in this case, which have one massless and two
massive modes running in the loops. These are very different to the integrals with three massive
modes (of the same mass) running in the loops that appear in the calculation for the massive
modes and this is the origin of the relative factor of 1/pi2. This discrepancy does not appear to
be an artifact of the NFS limit since the types of integrals that appear are essentially the same
in the full BMN case. It is also difficult to imagine that one would get a different answer by
first performing the full BMN calculation and then taking the NFS limit of the result. The only
possible caveat here is that there will be regularization issues in the BMN case, related to UV
and/or IR divergences, which are not present in the NFS case, but the contribution from these
will come with lower powers of p− and it is therefore difficult to see how that could change the
result. Furthermore, this does not seem to be a likely cause of the mismatch since the full two-
loop two-point function is UV-finite, as we demonstrate in appendix B. Finally, it is interesting
to note the factor of 6. In the massive case a factor of 1/6 comes from expanding the sine in
the exact dispersion relation. The extra factor of 6 in the massless case might therefore suggest
a dispersion relation for these modes which is not of the sin2-form.
Let us briefly remark on the derivation of the exact dispersion relation. One starts from
the usual light-cone gauge BMN string and relaxes the level-matching condition. This leads to
an off-shell (in the sense of the level-matching condition) symmetry algebra which is that of
the BMN vacuum with an additional central extension [25]. In the AdS3 × S3 × T 4 case this
algebra is centrally extended psu(1|1)4. The massive modes arrange themselves into two short
multiplets of this symmetry algebra consisting of two bosons and two fermions each. These have
mass parameter m = ±1 respectively. The shortening condition (we take q = 0 for simplicity)
H2 = M2 + 4CC¯ , (1.4)
2The exact dispersion relation for the case of pure RR-flux, i.e. q = 0, was analyzed in [22,23].
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where H is the Hamiltonian and M,C central charges, gives the dispersion relation provided
the central charges take the form
M = m and C =
ihζ
2
(eiP − 1) , (1.5)
with ζ a phase and P the worldsheet momentum. This form for the central charges (with h = g,
the string tension) follows from a classical calculation of the Poisson bracket of two supercharges.
The situation for the massless modes is similar, but with some differences. There are four
massless bosons and four massless fermions and they can again be arranged into two short
multiplets of the off-shell symmetry algebra [22,23,21]. In this case however the two multiplets
have the same value of the parameter m labeling the representation, namely m = 0. The off-shell
symmetry algebra also has an su(2)-factor3 which commutes with psu(1|1)4 and the massless
modes form a doublet of the su(2). Their transformation under this su(2) is the reason that
the massless modes must sit in a short multiplet which is an su(2) doublet, rather than a long
multiplet which is an su(2) singlet. Since the shortening condition is the same as before (1.4)
one obtains the dispersion relation of [22, 23] provided the central charges take the same form
(1.5). This form of the central charges was verified at the classical level in [23,21].
Therefore, in order to reconcile our findings with those of [23, 21] we can speculate on the
following two possible reasons for the discrepancy:
(i) The form of the central charges (1.5) receives quantum corrections (beyond corrections to
h) in the case of massless modes.
(ii) The asymptotic states for the massless modes differ by a momentum-dependent factor
between the two computations.
To check whether it’s the second of these one should calculate a two-loop S-matrix element.
This is beyond the scope of the present paper. Note that we do not expect this discrepancy to
be an artifact of regularization. The NFS calculation is finite and in fact we demonstrate in
appendix B that the same is true for the full BMN computation.
In AdS2×S2×T 6 the situation is less understood. There is no known way to derive the exact
dispersion relation in this case, even for the massive modes, since they are in long representations
of the BMN vacuum symmetry algebra psu(1|1)2nR3 [26]. This is in contrast to the AdS5×S5
and AdS3×S3×T 4 cases where the massive modes are in short representations and the shortening
condition gives rise to the exact dispersion relation. However, the calculation of the two-loop
correction to the dispersion relation for the massive modes, which was first performed in [27],
gives a result very similar to the other cases suggesting that the exact dispersion relation should
take a similar form also in this case. Notice however the extra factor of 14 compared to the other
cases (this factor was hidden in [27] due to an unfortunate choice of g/2 instead of g for the
string tension). A similar difference was noticed at one loop in [16] suggesting that, roughly, the
effective coupling in this case is 2g rather than g. This should also be related to the factors of
2 appearing in the dressing phase [28].
3 This extra symmetry is manifest only in the type IIB case, which is the case usually considered. Here we
work in type IIA since the AdS2×S2×T 6 solution we consider takes a nicer form in type IIA and this allows us to
treat the AdS3 and AdS2 case on the same footing. This is however not an issue when comparing to the literature
since we consider only the massive S-matrix at one loop and at two loops we work in the Near-Flat-Space limit
in which the type IIA and type IIB string actions become identical, see sec. 3.1.
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For the massless modes the result is the same as in the AdS3 case (with q = 0) except for
a factor of 12 . Therefore the idea of the effective coupling being 2g rather than g appears to
only be true in the massive sector. Just as in AdS3 the massive and massless correction differ
by factors of 1/pi2, the reason again being that one contribution comes from integrals with only
massive modes in the loop while the other comes from integrals with one massless and two
massive modes in the loop.
The outline of the paper is as follows. In section 2 we describe the superstring action and
the form of the AdS3 × S3 × T 4 background with mixed fluxes. We then consider the near
BMN expansion and the NFS limit in section 3. Section 4 outlines the regularization scheme we
employ for the loop computations, while sections 5 and 6 give the results for the one and two
loop two-point functions and the one-loop S-matrix respectively. We end with some conclusions.
Appendix A describes the integral identities used in the two-loop computation and appendix B
demonstrates the finiteness of the full BMN two-loop two-point function for the massless modes.
2 Superstring action
The Green-Schwarz superstring action in any supergravity background can be expanded in
powers of fermions as (here g denotes the string tension)
S = g
∫
d2ξ (L(0) + L(2) + . . .) , (2.1)
and in a general type II supergravity background the action is known up to quartic order [29].
The purely bosonic terms in the Lagrangian are
L(0) = 1
2
γijei
aej
bηab +
1
2
εijB
(0)
ij , γ
ij =
√−hhij , (2.2)
where ei
a (a = 0, . . . , 9; i = 0, 1) denotes the bosonic vielbein pulled back to the worldsheet
and B
(0)
ij = ei
aej
bB
(0)
ab is (the pull-back of) the lowest component in the Grassmann parameter
Θ-expansion of the NSNS two-form superfield B. For the terms involving fermions we will write
the expressions appropriate to type IIA supergravity, taking Θα to be a 32-component Majorana
spinor.
The terms quadratic in fermions take the form
L(2) = i
2
ei
a ΘΓaK
ijDjΘ , Kij = γij − εijΓ11 , (2.3)
where
DΘ = (d− 1
4
ωabΓab +
1
8
eaMa
)
Θ , Ma = Habc Γ
bcΓ11 + SΓa . (2.4)
Here ωab is the spin connection, H = dB is the NSNS three-form field strength and the RR
fields enter the action through the bispinor4
S = eφ(1
2
F
(2)
ab Γ
abΓ11 +
1
4!
F
(4)
abcdΓ
abcd
)
. (2.5)
4Here φ is the dilaton and we use the convention F (n) = 1
n!
dxmn ∧ · · · ∧ dxm1Fm1...mn for the form fields.
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The quartic fermion terms take the form [29]
L(4) =− 1
8
ΘΓaDiΘ ΘΓaKijDjΘ + i
24
ei
a ΘΓaK
ijMDjΘ + i
192
ei
aej
b ΘΓaK
ij(M + M˜)SΓbΘ
+
1
192
ei
cej
d ΘΓc
abKijΘ (3ΘΓdUabΘ− 2ΘΓaUbdΘ)
− 1
192
ei
cej
d ΘΓc
abΓ11K
ijΘ (3ΘΓdΓ11UabΘ + 2ΘΓaΓ11UbdΘ) , (2.6)
where the new objects appearing in this expression are defined as
Mαβ =Mαβ + M˜αβ + i
8
(MaΘ)α (ΘΓa)β − i
32
(ΓabΘ)α (ΘΓaMb)β − i
32
(ΓabΘ)α (CΓaMbΘ)β,
Mαβ =
1
2
ΘTΘ δαβ −
1
2
ΘΓ11TΘ (Γ11)
α
β + Θ
α (CTΘ)β + (Γ
aTΘ)α (ΘΓa)β, (2.7)
T =
i
2
∇aφΓa + i
24
Habc Γ
abcΓ11 +
i
16
ΓaSΓa , Uab = 1
4
∇[aMb] +
1
32
M[aMb] −
1
4
Rab
cd Γcd ,
and M˜ = Γ11MΓ11. For a supergravity background preserving some supersymmetries the di-
latino equation is Tξ = 0 and the integrability condition for the gravitino equation is Uabξ = 0,
where ξ is a Killing spinor [29,11].
The background we are interested in here is (type IIA) AdS3 × S3 × T 4 supported by a mix
of RR and NSNS flux (we use the conventions of [11])
H = 2q(ΩAdS3 + ΩS3) , F
(4) = 2qˆe−φdx9(ΩAdS3 + ΩS3) , with q
2 + qˆ2 = 1 . (2.8)
Here the AdS3 and S
3 radii have been set to 1 and the dilaton φ is constant. From (2.5) and
(2.7) we find
S = −4qˆP16Γ0129 , T = − i
2
Γ012[qˆΓ9 + 2qΓ11](1− P16) , P16 = 1
2
(1 + Γ012345) . (2.9)
The projection operator P16 projects onto the 16 supersymmetries preserved by the background.
Accordingly we can split the fermions into 16 + 16 as ϑ = P16Θ and υ = (1 − P16)Θ which we
will refer to as coset and non-coset fermions respectively since only the former appear in the
supercoset sigma model. These are also the ones that transform under the supersymmetries.
For the background space-time we take the metric of AdS3 to be
ds2AdS3 = −
(1 + 12 |z|2
1− 12 |z|2
)2
dt2 +
2|dz|2
(1− 12 |z|2)2
, (2.10)
with the spatial coordinates grouped together into one complex coordinate. Similarly, the S3
metric is
ds2S3 =
(1− 12 |y|2
1 + 12 |y|2
)2
dϕ2 +
2|dy|2
(1 + 12 |y|2)2
. (2.11)
Since the NSNS two-form potential B appears explicitly in the action we will need its form in
these coordinates. From (2.8) we see that its three-form field strength takes the form
H = dB = −2iq 1 +
1
2 |z|2
(1− 12 |z|2)3
dzdz¯dt+ 2iq
1− 12 |y|2
(1 + 12 |y|2)3
dydy¯dϕ . (2.12)
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It is not hard to show that we can take
B = −iq zdz¯ − z¯dz
(1− 12 |z|2)2
dt+ iq
ydy¯ − y¯dy
(1 + 12 |y|2)2
dϕ . (2.13)
The action is rather involved and in order to handle it we will consider a perturbative expansion
around the classical solution given by the BMN geodesic.
3 Near–BMN expansion
We wish to expand the superstring action described in the previous section around the BMN
solution t = ϕ = τ [30]. At the same time we will fix the light-cone gauge and the corresponding
kappa symmetry gauge
x+ = τ , Γ+Θ = 0 , (3.1)
where x± = 12(t± ϕ). The complete gauge fixing includes also the conditions
p+ ≡ −1
2
∂L
∂x˙−
= 1 ,
∂L
∂x−′
= 0 , (3.2)
which can be used to solve for the higher corrections to the worldsheet metric γij = ηij + γˆij .
The Virasoro constraints can be used to solve for x− in terms of the other fields, but its form
will not be needed here.
In this gauge the Lagrangian has an expansion in the number of transverse fields
L = L2 + 1
g
L4 + 1
g2
L6 + . . . . (3.3)
The absence of terms with an odd number of fields is a feature of AdSn × Sn backgrounds
which simplifies the analysis at loop level as it leads to fewer Feynman diagrams. The quadratic
Lagrangian takes the form
L2 =|∂iz˜|2 − qˆ2|z˜|2 + |∂iy˜|2 − qˆ2|y˜|2 + |∂iu1|2 + |∂iu2|2 + iχ¯rL∂−χrL + iχ¯rR∂+χrR − qˆχ¯rLχrR
− qˆχ¯rRχrL + iχ¯r
′
L∂−χ
r′
L + iχ¯
r′
R∂+χ
r′
R , (3.4)
where r = 1, 2 runs over the massive fermions, r′ = 3, 4 over the massless ones and u1,2 denotes
the two complex massless bosons coming from T 4. The spectrum can be summarized as follows:
m = qˆ : Bosons: z˜, y˜ Fermions: χ1, χ2
m = 0 : Bosons: u1, u2 Fermions: χ
3, χ4 . (3.5)
To put the quadratic Lagrangian in the Lorentz-invariant form (3.4) we have performed the
following, σ-dependent, U(1)-rotation
z = e−iqσ z˜ , y = eiqσy˜ (3.6)
of the massive bosons. This transformation is accompanied by the transformation
ϑ = e−qσΓ12 ϑ˜ (3.7)
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of the coset fermions. The coset and non-coset fermions, satisfying ϑ = 12(1 + Γ
1234)Θ and
υ = 12(1 − Γ1234)Θ after the kappa symmetry gauge fixing, give rise to massive and massless
modes respectively, i.e.
ϑ˜→ χ1, χ2 υ → χ3 , χ4 . (3.8)
Note that we could of course have chosen to work with the original fields, y, z etc., but the non-
Lorentz-invariant form of the quadratic action would then greatly complicate loop calculations.
The interaction terms are quite complicated and we will only give the quartic bosonic terms
which take the form
LB4 =
qˆ2
2
|z˜|2(| ˙˜z|2 − |z˜′|2)− qˆ2
2
|y˜|2(| ˙˜y|2 − |y˜′|2)− q2qˆ2
2
(|z˜|4 − |y˜|4)
− 1
2
(
qˆ2|z˜|2 − qˆ2|y˜|2 − iqz˜′ ¯˜z − iqy˜′ ¯˜y)(| ˙˜z|2 + |z˜′|2 + | ˙˜y|2 + |y˜′|2 + |u˙I |2 + |u′I |2)
− iq
2
(
˙˜z ¯˜z + ˙˜y ¯˜y
)(
˙˜z ¯˜z′ + z˜′ ˙˜¯z + ˙˜y ¯˜y′ + y˜′ ˙˜¯y + u˙I u¯′I + u
′
I
˙¯uI
)
− iqqˆ2(|z˜|2 − |y˜|2)(z˜′ ¯˜z − y˜′ ¯˜y)− iqqˆ2
2
(|z˜|2 + |y˜|2)(z˜′ ¯˜z + y˜′ ¯˜y)
+
q2
2
[
( ˙˜z ¯˜z)2 − (z˜′ ¯˜z)2 − ( ˙˜y ¯˜y)2 + (y˜′ ¯˜y)2]+ c.c. (3.9)
3.1 Near-Flat-Space limit
Our one-loop calculations will be done with the full BMN action but at two loops this becomes
highly involved. In order to simplify the model so that we can carry out computations at two
loops as well we will take the so-called Near-Flat-Space (NFS) limit [31]. It consists of performing
the following chiral rescalings, or boosts, in the (non-Lorentz-invariant) BMN Lagrangian
∂± → g∓1/2∂± , Θ˜± → g∓1/4Θ˜± , (3.10)
where Θ± = 12(1±Γ11)Θ. This leaves Lorentz-invariant terms invariant but rescales non-Lorentz-
invariant terms. Keeping only the leading g0-terms gives
LNFS = L2 + qˆ2L(NFS)4 , (3.11)
where L2 is the same as before (3.4). Note that if we had not first put the quadratic action in a
Lorentz-invariant form by introducing the tilded variables we would obtain a very different NFS
limit. The quartic terms take the form
L(NFS)4 =−
1
4
(|z˜|2 − |y˜|2)(|∂−z˜|2 + |∂−y˜|2 + |∂−uI |2 − iϑ˜−Γ−∂−ϑ˜− − iυ−Γ−∂−υ−)
+
1
4
(
∂−z˜ ¯˜z + ∂−y˜ ¯˜y
)
ϑ˜−Γ12−ϑ˜− +
1
4
(
∂−z˜ ¯˜z − ∂−y˜ ¯˜y
)
υ−Γ12−υ−
− i
4
∂−(z˜ ¯˜y)ϑ˜−(Γ1 + iΓ2)Γ3−ϑ˜− − i
4
∂−(z˜y˜)υ−(Γ1 + iΓ2)Γ3−υ−
+
i
4
z˜ υ−[∂−u1(Γ6 + iΓ7) + ∂−u2(Γ8 + iΓ9) + c.c.](Γ1 + iΓ2)Γ−ϑ˜−
− i
4
y˜ υ−[∂−u1(Γ6 + iΓ7) + ∂−u2(Γ8 + iΓ9) + c.c.](Γ3 + iΓ4)Γ−ϑ˜− + c.c.
+
1
6
ϑ˜−Γ12−ϑ˜− υ−Γ12−υ− +
1
12
υ−Γa
′1−ϑ˜− υ−Γa
′1−ϑ˜− +
1
12
υ−Γa
′2−ϑ˜− υ−Γa
′2−ϑ˜−
− 1
12
υ−Γa
′3−ϑ˜− υ−Γa
′3−ϑ˜− − 1
12
υ−Γa
′4−ϑ˜− υ−Γa
′4−ϑ˜− , (3.12)
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where a′ = 6, 7, 8, 9 runs over the T 4-directions. We have kept the fermions in 10d notation to
shorten the expression. Recall that the massive fermions come from ϑ˜ and the massless ones
from υ.
It is interesting to note that q, the parameter controlling the amount of NSNS flux, enters
only in the masses in (3.4) and in the quartic coupling in (3.11) as qˆ2 = 1 − q2. Therefore the
calculation for q 6= 0 is almost identical to the q = 0 calculation. The exception is q = 1, i.e.
AdS3 × S3 × T 4 with pure NSNS flux, in which case the NFS Lagrangian becomes quadratic
and all modes become massless.
Note that so far we have been talking about the type IIA AdS3 × S3 × T 4 supergravity
solution. In this case the (local) SO(4)-symmetry of the T 4 is broken to U(1) by the fluxes
(2.8). However, we can easily go to the more symmetric type IIB case by T-dualizing along the
9-direction. The T-duality transformation is
∂+u2 → ∂+u2 , ∂−u2 → ∂−u¯2 , Θ+ → Θ1 , Θ− → Γ9Θ2 . (3.13)
This transformation is easily seen to leave the NFS Lagrangian (3.11) and (3.12) unchanged,
which means that the NFS Lagrangian is the same in the type IIA and type IIB case.
The SO(4)-symmetry coming from the T 4 splits into SU(2)L×SU(2)R which act as follows.
We have two SU(2)R doublets (
u1
u2
)
and
(
Γ6υ−−
Γ8υ−−
)
(3.14)
and two su(2)L doublets (
u1
u¯2
)
and
(
Γ6ϑ˜−−
Γ8ϑ˜−−
)
, (3.15)
where Θ˜±− =
1
2(1 ± iΓ67)Θ˜−. Note that the massless fermions transform only under SU(2)R
while the massive ones transform only under SU(2)L.
4 Regularization
Given a sum of loop integrals there are many ways to evaluate them. A standard approach for
example is to evaluate the integrals using Feynman parameters and dimensional regularization.
This can however be rather dangerous since we have powerlike divergences that introduce finite
terms which may be difficult to determine unambiguously. In fact, as discussed in [16], this
procedure would lead to a one-loop S-matrix not compatible with the symmetries of the BMN
vacuum. Here we will therefore employ a similar regularization scheme as in [16] which turned
out to be compatible with the symmetries of the problem. It can be summarized as follows
1. Use the two algebraic identities
l+l−
l2 −m2 = 1 +
m2
l2−m2 , (4.1)
1
(l − P )2 −m2 −
1
l2 −m2 =
l+P−+l−P+−P 2
(l2−m2)((l−P )2−m2) , (4.2)
on the integrand to reduce the divergent integrals to a minimal set of divergent integrals.
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2. Use identities coming from allowing shifts of the loop variable to reduce them further
(when consistent with the identities in the first step).
3. Evaluate the remaining integrals in dimensional regularization.
The second step is not strictly necessary in our case since it is compatible with dimensional
regularization. It is interesting to note that this procedure is quite powerful, for the NFS two-
loop two-point function for example everything reduces to finite integrals after the first two
steps. In addition one finds that the massless modes decouple from the calculations involving
only massive external states.
5 Two-point functions and dispersion relations
Here we will study the one- and two-loop two-point functions and corrections to the dispersion
relation for massive and massless excitations. At one loop we will utilize the full BMN Lagrangian
and compute the two-point function off-shell. The result contains UV-divergences which imply
non-trivial wave function renormalization, just as in the case of pure RR-flux [16]. This wave
function renormalization will be important in the next section when relating the bare four-
point function to the S-matrix. As we will see there is no one-loop correction to the dispersion
relation so to find a correction one must go to two loops. We will do this in the NFS-limit,
which simplifies the Lagrangian enough that we can carry out the computation.
5.1 One-loop (off-shell) two-point functions
Since there are no cubic interaction terms for the AdS3 × S3 × T 4 BMN-Lagrangian the only
one-loop contributions to the two-point function comes from tadpole graphs
The correction to the propagators of the massive bosons turn out to be UV-divergent. The
divergence is proportional to p2 − m2 and vanishes on-shell (the p2-piece is due to the extra
interaction terms in the Lagrangian compared to say φ4-theory where the tadpole just leads
to mass renormalization) and has the interpretation of wave function renormalization (in the
following we drop the tilde on all fields)
〈zz〉 = iZz
p2 −m2 +O(g
−2) , 〈yy〉 = iZy
p2 −m2 +O(g
−2) , (5.1)
where the mass m = qˆ, interpolates between m = 1 in the case of pure RR-flux and m = 0 in
the case of pure NSNS-flux. The wave function renormalization factors are given by
Zz = 1 +
qˆ2
4pig
γ() , Zy = 1− qˆ
2
4pig
γ() , (5.2)
where the γ() is the divergent part of a tadpole integral∫
d2k
(2pi)2
1
k2 − qˆ2 →
i
4pi
(
− 2

+ γE + log
qˆ2
4pi
)
=
i
4pi
γ() , (5.3)
9
in dimensional regularization in 2−  dimensions. As it turns out there is no one-loop correction
to the two-point function for the massive fermions
〈χ1χ1〉|1−loop = 0 , 〈χ2χ2〉|1−loop = 0 , (5.4)
implying that the fermions are not subject to wave-function renormalization.
These results are essentially the same as the ones found for pure RR-flux AdSn×Sn×T 10−2n
backgrounds in [16]. The case of pure NSNS-flux is special since all excitations become massless
and setting qˆ = 0 we observe that the wave function renormalization disappears in this case.
For the massless modes we find that the one-loop correction is zero off-shell for both bosons and
fermions,
〈uIuI〉|1−loop = 0 = 〈χr′χr′〉|1−loop , (5.5)
from which we conclude that the massless modes do not get renormalized.
5.2 Two-loop correction to dispersion relation in NFS limit
As we have seen there is no one-loop correction to the dispersion relation and the first non-trivial
correction arises at the two-loop level.5 The diagrams that contribute to the two-point function
at two loops are either of sunset type
(5.6)
or double tadpole type (there is also a six-vertex tadpole but it is subleading in the NFS-limit)
(5.7)
The contribution from the latter diagram is actually zero. Therefore the non-trivial contribution
comes only from the sunset diagrams. Due to the many contributions and the regularization
issues involved this is very difficult to calculate utilizing the full BMN-Lagrangian. The problem
is considerably simplified in the NFS limit where the left/right-moving sectors of the near-
BMN string are boosted differently as p± → g∓1/2p±. Keeping only the terms that are zeroth
order in the coupling reduces the Lagrangian to (3.11), with the quartic interactions given in
(3.12). Nevertheless, the actual computation is still fairly complicated. A priori it involves
both massive and massless modes propagating in the loops but surprisingly we will find that,
just as was observed at one loop in [16], the massless modes decouple from the computation
with massive external particles. This statement is true only in a specific regularization scheme
however, which is similar to the one used at one loop.
5This is a simple consequence of the fact that we have no cubic interactions in AdSn×Sn×T 10−2n which means
that the one-loop contribution comes from tadpole diagrams which cannot generate any non-trivial momentum
dependence.
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In this section we will also present the corresponding computation for AdS5×S5 and AdS2×
S2 × T 6, already performed in [24, 27]. This is illuminating since it highlights the similarities
and differences between the various AdS × S-backgrounds.
The sunset diagram (5.6) gives rise to integrals of the form
Irs[m1m2m3] =
∫
d2kd2l
(2pi)4
kr−ls−
(k2 −m21)(l2 −m22)((p− k − l)2 −m23)
(r + s ≤ 4) (5.8)
where the internal particles are either all massive (m = qˆ or m = 1), one massive and two
massless or all three massless. These integrals are power-counting UV divergent for r + s > 1
and some care is required in evaluating them.6 As explained in sec. 4 our approach is to first use
algebraic identities and then identities which follow from shifting the loop variables to reduce
these to integrals with r + s ≤ 1 which are convergent and then evaluate these by Feynman
parametrization. It is a non-trivial fact that this can actually be done since there are fewer
identities than possible integrals that occur. The details of this reduction are given in appendix
A. We will also comment on what happens if one evaluates all integrals directly in dimensional
regularization using Feynman parameters. It turns out that the latter approach gives the same
final answer but the decoupling of the massless modes is only seen in the first regularization
scheme. Just as was the case a one loop we expect only the former approach to give an S-matrix
consistent with the symmetries.
We will now consider each background in turn. We give the details for the bosonic modes
although we have verified that the same goes through for the fermions as well.
AdS5 × S5
This is the simplest case and the calculation was first done in [24]. Since all worldsheet excitations
have the same mass m = 1, only the integral in (5.8) with m1 = m2 = m3 = 1 appears. The
two-loop contribution to the two-point function for the bosons is given by
1
2
(
− 3I31[111] − 3I22[111] + 5p−I21[111] + 3p2−I11[111] + 2p2−I20[111]
)
. (5.9)
Using first the algebraic identities in eqs. (A.9)–(A.10) to reduce this expression as far as possible
and then the identities following from allowing shifts of the loop variable in eqs. (A.11)–(A.12)
to reduce the expression further one ends up with7
−p
4−
3
I00[111] .
This integral is finite and we get using (A.20)
ε2|2−loop = −
p4−
192
, (5.10)
in agreement with the expansion of the exact dispersion relation (1.2). Evaluating the integrals
in (5.9) directly in dimensional regularization using Feynman parameters gives the same answer.
6These integrals are actually finite in a Lorentz-invariant regularization scheme such as dimensional regulariza-
tion. However, since the theory is not Lorentz-invariant in our case we have to worry about potential regularization
ambiguities.
7In fact one obtains the same result using only the shift identities as was already seen in [24].
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AdS3 × S3 × T 4
For the case of AdS3 × S3 × T 4 with mixed flux we have two (complex) massive bosons and
fermions, each with mass qˆ, and two (complex) massless bosons and fermions. The two-loop
contribution to the two-point function for the massive bosons is given by8
−1
8
qˆ4
(
4p4−I
00
[qˆqˆqˆ] − 13p3−I10[qˆqˆqˆ] + 7p2−(I11[qˆqˆqˆ] + I20[qˆqˆqˆ])− p−(9I21[qˆqˆqˆ] + 2I30[qˆqˆqˆ]) + 3(I22[qˆqˆqˆ] + I31[qˆqˆqˆ])
)
−1
4
qˆ4
(
p3−I
01
[qˆ00] + p
2
−(2I
11
[qˆ00] + I
02
[qˆ00])− p−(5I21[qˆ00] + 9I12[qˆ00] + 2I03[qˆ00]) (5.11)
+ 2(3I22[qˆ00] + 2I
13
[qˆ00] + I
31
[qˆ00])
)
.
Using first the algebraic identities in eqs. (A.2)–(A.3), (A.9)–(A.10) and the extra identities
in eq. (A.16) and (A.19) to reduce this expression as far as possible and then the identities
following from allowing shifts of the loop variable in eqs. (A.5)–(A.8) and (A.11)–(A.12) to
reduce the expression further one ends up with
− qˆ4 p
4−
3
I00[qˆqˆqˆ] = −qˆ2
p4−
192
, (5.12)
where we again used (A.20). Note that the contribution from the massless modes coming from
the integrals Irs[qˆ00] in (5.11) has disappeared. Therefore, in this regularization scheme, the
massless modes decouple from the two-loop two-point function of the massive modes.
Evaluating instead the integrals in (5.11) using dimensional regularization and Feynman
parameters gives
ε2|2−loop = qˆ2
(
−
(− 6 + pi2)p4−
192pi2
)
[qˆqˆqˆ]
+ qˆ2
(
− p
4−
32pi2
)
[qˆ00]
= −qˆ2 p
4−
192
, (5.13)
where we have indicated which contribution comes from which type of integral. This gives the
same final answer, which, as we will see below, agrees with the expansion of the exact dispersion
relation (1.3), but in this regularization scheme the massless modes clearly do not decouple.
For the massless bosonic modes the contribution to the two-loop two-point function is given
by
〈u1u1〉|2−loop : −1
2
qˆ4p3−I
10
[0qˆqˆ], 〈u2u2〉|2−loop : −
1
2
qˆ4p2−
(
2p−I10[0qˆqˆ] − 2I11[0qˆqˆ] − I20[0qˆqˆ]
)
.
Upon using the shift identity (A.8) and (A.21) both reduce to
ε2|2−loop = −1
2
qˆ4p3−I
10
[0qˆqˆ] = −qˆ2
p4−
32pi2
, (5.14)
which differs by a factor of 6/pi2 from that coming from (1.3). It is worth noting that the
contribution to the dispersion relation for the massless modes does involve the massive modes
in the loops so the decoupling goes only in one direction.
In appendix B we go further and demonstrate that the two-point functions for massless
modes are also (on-shell) UV-finite in the full BMN case.
8The action used here differs from the one in sec. 3.1 by some (unimportant) total derivative terms.
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AdS2 × S2 × T 6
In the case of AdS2 × S2 × T 6 we have two real massive bosons and fermions with m = 1 and
three complex massless bosons and fermions. The contribution to the two-point function for the
massive bosons is given by
1
16
(
− p3−I10[111] + p2−(−5I11[111] + 3I20[111]) + p−(7I21[111] − 6I30[111])− 9(I22[111] + I31[111])
)
− 3
16
(
p3−I
01
[100] + p
2
−(I
11
[100] + I
02
[100])− p−(5I21[100] + 10I12[100] + 2I03[100]) + 3(3I22[100] + I31[100] + 2I13[100])
)
−3
4
(
p−I21[000] − I22[000] − I31[000]
)
. (5.15)
Using first the algebraic identities in eqs. (A.2)–(A.3) and (A.9)–(A.10) to reduce this expression
as far as possible and then the identities following from allowing shifts of the loop variable in
eqs. (A.5)–(A.8) and (A.11)–(A.12) to reduce the expression further one ends up with
− 1
4
p4−
3
I00[111] = −
1
4
p4−
192
. (5.16)
We again note the decoupling of the massless modes just as in AdS3 × S3 × T 4. As was also
seen at one loop in [16] the ”effective” coupling for AdS2 × S2 × T 6 differs by a factor of two
compared to AdS3 and AdS5 giving rise to the extra factor of
1
4 .
Evaluating instead the integrals in (5.15) using dimensional regularization and Feynman
parameters gives (this calculation was done in [27])
ε2|2−loop = 1
4
(
−
(
3 + pi2
)
p4−
192pi2
)
[111]
+
1
4
(
− 3p
4−
64pi2
)
[100]
+
1
4
( p4−
32pi2
)
[000]
= −1
4
p4−
192
. (5.17)
Again we observe that in this regularization scheme the massless modes do not decouple.
For the massless bosonic modes the contribution to the two-loop two-point function is given
by
1
4
p2−
(− p−I10[011] + I11[011])+ 14p2−(− p−I01[100] + I11[100] + I02[100]) . (5.18)
Using the algebraic identity (A.2), the shift identity (A.8) and (A.21) this reduces to
ε2|2−loop = −1
4
p3−I
10
[011] = −
1
2
p4−
32pi2
, (5.19)
where we, again, note that the contribution involves massive fields in the loops. It is interesting
to note that here we find a relative factor of 1/2 instead of 1/4 as compared to the AdS3 case.
5.3 Comparison to proposed exact dispersion relation
It is known that the two-loop corrections to the dispersion relation for the massive modes agree
with the exact dispersion relation for AdS5×S5 and AdS2×S2×T 6 (with the additional factor
of two accounted for)9. Here we will consider the case of AdS3×S3×T 4, which also contains the
9In the latter case the dispersion relation is not completely fixed by the symmetries however [26].
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extra parameter q measuring the amount of NSNS-flux. In other words we want to compare the
correction in (5.12) and (5.14) with that coming from expanding the exact dispersion relation
(1.3) derived from the symmetries of the BMN vacuum. The latter takes the form [20]
ε± =
√
M2± + 4qˆ2h2 sin
2 p
2
, (5.20)
where the interpolating function appearing in the exact solution has an expansion
h = g +
1
g
h(2) + . . . . (5.21)
where h(2) denotes a possible two-loop correction (our one-loop calculation shows that there is
no correction to h at this order). It was recently argued in [21] that the mass-like term should
take the form10
M± = qgp±m , (5.22)
where m is 1 for the massive excitations and 0 for the massless ones. Performing the BMN-scaling
of the momenta p = ph and expanding at large h we find
ε2± = m
2qˆ2 + (p±mq)2 − 2qp(qp±m)h
(2)
h2
− qˆ2 p
4
12h2
+O(h−3) (5.23)
In order to compare with the NFS computation eq. (5.12) and eq. (5.14) we need to go to
the form of the dispersion relation that is relativistic at lowest order since this is the case for
the form of the quadratic action we are using. To do this we write p˜ = p ± q. Performing the
NFS scaling p˜± → h∓1/2p˜± gives11
ε2 = m2qˆ2 + p˜2 − qˆ2 p˜
4−
192
+O(h−1/2) , (5.24)
in nice agreement with our result from worldsheet perturbation theory for the massive modes
(5.12). An earlier suggestion [32] for the form of the dispersion relation involving sin p2 instead
of the term linear in p in (5.22) is ruled out as it would lead to a coefficient of 1 instead of qˆ2
for the p˜4−-term. Our calculation is not sensitive to the difference between h and g in (5.22),
however. This calculation shows that the two-loop correction to the massless dispersion relation
should be the same as the correction to the massive one. This disagrees with our result (5.14)
by a factor of 6/pi2 as discussed in sec. 1.
6 S-matrix at one loop
The tree-level S-matrix for two-to-two scattering of massive modes was found in [33]. Here we will
extend the analysis to one loop and compare to the conjectured form of the all loop S-matrix [32]
including dressing phases [17–19]. Since the analysis is very similar to the case of zero NSNS-flux
described in [16], we will be rather brief in technical detail in this section. For simplicity we
will furthermore restrict to purely bosonic in and out-states. For scattering processes involving
fermions we need the quartic fermion terms in the Lagrangian which, although explicitly known,
are quite involved in the case of mixed flux.
10The dispersion relation of [20] had h in place of g.
11In our conventions, p = 1
2
(p+ − p−).
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The two-body S-matrix takes the form,
S = 1+ iT, T =
1
g
T
(0) +
1
g2
T
(1) + . . . (6.1)
where the superscript denotes the loop order. The T-matrix maps a two-particle in-state to a
two-particle out-state as,
T|A(p)B(k)〉 = TCDAB |C(p)D(k)〉 . (6.2)
At the one-loop order the relevant diagrams are four-vertex s,t and u-channel diagrams
+ +
and the six-vertex tadpole diagram
These give rise to standard bubble and tadpole-type integrals of the form12
Brs(P ) =
∫
d2l
(2pi)2
lr+l
s−
(l2 −m2)((l − P )2 −m2) , T
rs(P ) =
∫
d2l
(2pi)2
lr+l
s−
(l − P )2 −m2 , (6.3)
where P is a linear combination of the external momenta p and k and m is either qˆ or 0. Many of
these integrals are UV-divergent and require regularization. As described in [16], using only the
two identities (4.1) and (4.2) on the bubble integrands and allowing shifts of the loop variable
in the tadpole integrals we can reduce all integrals to the following three
B00(P ) , T 00(0) , T 11(0) . (6.4)
The last two are divergent and we evaluate them in dimensional regularization.
6.1 Scattering amplitudes and dressing phases
We start with considering scattering of z and y bosons separately,
T|z±z±〉 = `z1|z±z±〉, T|y±y±〉 = `y1|y±y±〉, (6.5)
T|z±z∓〉 = `z2|z±z∓〉, T|y±y∓〉 = `y2|y±y∓〉
where each amplitude is given, before taking into account the wave function renormalization eqs.
(5.1) and (5.2), by
`z1 =
1
g
lz1 +
1
g2
(
2ΘLL±± −
1
2pi
γ()lz1
)
, `y1 =
1
g
ly1 +
1
g2
(
2ΘLL±± +
1
2pi
γ()ly1
)
, (6.6)
`z2 =
1
g
lz2 +
1
g2
(
2ΘLR±∓ −
1
2pi
γ()lz2
)
, `y2 =
1
g
ly2 +
1
g2
(
2ΘLR±∓ +
1
2pi
γ()ly2
)
.
12The relevant four-vertices are such that the virtual particles in the bubble diagrams always have the same
mass.
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Here we introduced the notation ΘLL±± and ΘLR±± for the one-loop phases of [17,19,18]. The tree-
level expressions l1, l2 can be found in [33]. Note that we have dropped the imaginary terms in
the amplitude since these are completely determined in terms of tree-level amplitudes via the
optical theorem and can therefore be trivially reinstated.
For the scattering of bosons with different flavors we find
T|z±y±〉 = `3|z±y±〉, T|z±y∓〉 = `4|z±y∓〉, (6.7)
with
`3 =
1
g
l3 +
1
g2
2ΘLL±± , `4 =
1
g
l4 +
1
g2
2ΘLR±∓ . (6.8)
It is easy to see that renormalizing the bosons according to eqs. (5.1) and (5.2) renders all
amplitudes finite. Furthermore, since the renormalization of z and y-particles come with opposite
signs it is clear why the above mixing processes are finite prior to any renormalization. This
furthermore implies that the processes
T|y±y∓〉 = `5|z±z∓〉+ . . .
should be finite. A quick calculation indeed shows that this is the case.
Let us now look at the explicit expression for the phases. In order to make connection with
known results from the literature we should undo the rotation in (3.6). That is, we should shift
the worldsheet momenta as p→ p∓ q. Doing this we find the following compact expressions for
the phase-factors:
ΘLL±±(p, k) = (6.9)
p2k2
(
ε±(p)ε±(k) + (p± q)(k ± q) + qˆ2
)
2pi(p− k)2 log
p−
k−
+
p k(p+ k)
(
ε±(p)k + ε±(k)p
)
4pi(p− k) ,
ΘLR±∓(p, k) =
p2k2
(
ε±(p)ε∓(k) + (p± q)(k ∓ q)− qˆ2
)
2pi(p+ k)2
log
p−
k−
− p k(p− k)
(
ε±(p)k + ε∓(k)p
)
4pi(p+ k)
,
where ε± =
√
qˆ2 + (p± q)2. The above phases exactly match the proposals in [17,19,18].
As a final comment we would also like to mention that in the regularization scheme employed
here, the massless modes completely decouple. That is, simply putting all massless fields to zero
in the Lagrangian, which is the same as using the supercoset sigma model, gives the same
one-loop massive S-matrix.
7 Conclusions
In this paper we have performed one- and two-loop calculations on the string worldsheet. At
one loop the analysis was a continuation of the work initiated in [16], where it was shown
that the one-loop massive sector BMN S-matrix is finite and agrees with the form expected
from symmetries and crossing once wave function renormalization and regularization issues are
accounted for. For the case at hand, with mixed NSNS- and RR-fluxes, the situation is similar
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including the same form of wave function renormalization for the massive bosons and, with the
proper regularization scheme, perturbative computations are in complete agreement with the
proposal of [33] based on symmetries. Just as was the case in [16] we again find that in this
regularization the massless modes decouple from the calculation of the massive sector S-matrix.
We also performed a two-loop calculation of the correction to the two-point function of
massive and massless modes. Due to the somewhat involved sunset diagrams appearing this
part of the analysis was performed in the simpler Near-Flat-Space limit. Somewhat surprisingly
we again found that the massless modes decouple from the calculations in the massive sector
(again in the proper regularization scheme). This property is not symmetric however and for
massless modes the massive modes do contribute to the dispersion relation. In the case of
massive modes the two-loop correction exactly matches the one coming from (the NFS-limit
of) the exact dispersion relation (1.3). For the massless modes however the correction does not
seem to agree with the proposed exact dispersion relation [21, 26]. While the correction still
involves the fourth power in momentum, it differs by a factor of 6/pi2, regardless of the amount
of NSNS-flux q. The origin of this mismatch is rather mysterious and currently it is not clear
to us how to reconcile our result with the proposed exact dispersion relation for the massless
modes. Perhaps the central charges (1.5) receive additional quantum corrections or maybe the
massless asymptotic states should be changed in comparing the two cases.
This work opens up the way for several future lines of research. Perhaps the most pressing
question is to reconcile the perturbative computations of the massless dispersion relation with
the proposed exact dispersion relation. As a first step one would like to compute the correction
to the dispersion relation in the full BMN case rather than the truncated NFS-limit, which
does not see lower powers of the momenta in the dispersion relation. Furthermore, computing
one- and two-loop S-matrix elements involving massless coordinates would allow us to better
understand the reason for the mismatch. While the phases for the massless sector are currently
not known, perhaps a comparison can be made with the results in [17, 19, 18]. It would also be
interesting to perform the two-loop computations for massive modes in the full BMN setting.
This would for example show if there is a two-loop correction to the interpolating function h.
However, these computations are fairly complicated and have, as of yet, not even been performed
in the simplest case of AdS5 × S5.
We plan to address some of these questions in the near future.
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Appendix
A Integral identities for NFS sunset integrals
The NFS sunset integrals are of the form 5.8. Since only integrals with at least two masses equal
occur we can label the loop momenta so that m3 = m2. Using the identity (4.2) with m = m2
and P = p− k and multiplying with kr+1− ls+1− we derive, after a bit of algebra, the identity
p+(I
r+1,s+2 + Ir+2,s+1) +m21(p−I
r,s+1 − Ir,s+2 − Ir+1,s+1) +m22(p−Ir+1,s − Ir+2,s)− p2Ir+1,s+1
=Ir,s+2−1 + I
r+1,s+1
−1 − p−Ir,s+1−1 + Ir+2,s−2 + Ir+1,s+1−2 − p−Ir+1,s−2 − Ir+1,s+1−3 , (A.1)
where Irs = Irs[m1m2m2] and the tadpole-like integrals I
rs−1, Irs−2, Irs−3 are the same as Irs but with
the first, second and third factor in the denominator dropped respectively. We will only need
the cases (r, s) = {(0, 0), (1, 0), (0, 1)} which read (p denotes the external momentum)
p+(I
12 + I21) +m21(p−I
01 − I02) +m22(p−I10 − I20)− (p2 +m21)I11 =0 , (A.2)
p+(I
22 + I31) +m21(p−I
11 − I12) +m22(p−I20 − I30)− (p2 +m21)I21 =0 , (A.3)
p+(I
13 + I22) +m21(p−I
02 − I03) +m22(p−I11 − I21)− (p2 +m21)I12 =0 . (A.4)
Here we have assumed that shifts of loop variables are allowed in the tadpole integrals, which
then turn out to cancel out in the RHS of (A.1). Note that these algebraic identities are
typically not consistent with dimensional regularization (this is why our regularization scheme
is different).
Allowing shifts such as l→ p− l−k in the loop variables in Irs[m1m2m2] leads to the additional
identities (we list only the ones relevant for us)
2I21 + I30 − p−I20 = 0 , (A.5)
2I13 + I31 + 3I22 − 2p−I21 − 3p−I12 + p2−I11 = 0 , (A.6)
4I03 + 2I21 + 6I12 − 4p−I11 − 6p−I02 + p2−I10 + 4p2−I01 − p3−I00 = 0 , (A.7)
2I11 + I20 − p−I10 = 0 . (A.8)
These identities are compatible with dimensional regularization since shifts of the loop momenta
are allowed in that regularization scheme.
In the special case when all masses are equal, i.e. m1 = m2 = m, I
rs is symmetric in (r, s)
and the identities simplify to (here Irs = Irs[mmm])
2p+I
21 + 2m2(p−I10 − I20)− (p2 +m2)I11 =0 , (A.9)
p+(I
31 + I22) +m2(p−I11 + p−I20 − I30)− (p2 + 2m2)I21 =0 , (A.10)
from algebraic manipulations eqs. (A.2)–(A.4) and
3I31 + 3I22 − 5p−I21 + p2−I11 = 0 , 2I21 + I30 − p−I20 = 0 , (A.11)
2I11 + I20 − p−I10 = 0 , 3I10 − p−I00 = 0 , (A.12)
from shifting the loop variables eqs. (A.5)–(A.8).
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It turns out that these identities are all that we need except for in the case of the correction
to the massive dispersion relation in AdS3×S3×T 4. In that case we are left with terms involving
I20 and I02 which can not be reduced further with the above identities. It turns out however
that we can derive more algebraic identities by using identities for the one-loop bubble integrals
inside these two-loop integrals. In [16] we showed how, by using the algebraic identity (4.2), one
can derive, among others, the identity
B02(P )− P−
P+
(
1
2
P 2 −m22)B00(P ) = 0 , (A.13)
where Brs(P ) are the one-loop bubble integrals defined in (6.3) with mass m = m2. Taking
P = p− k, multiplying with 1
k2−m21
and integrating over k we find
2I02 − I20 + 2p−I10 − p2−I00 + 2m22I˜ = 0 , (A.14)
where
I˜ =
∫
d2kd2l
(2pi)4
(p− − k−)2
(p− k)2(k2 −m21)(l2 −m22)((p− k − l)2 −m22)
. (A.15)
Taking m2 = 0 we find the identity we need in that case
2I02[m00] − I20[m00] + 2p−I10[m00] − p2−I00[m00] = 0 . (A.16)
To get an identity for non-zero m2 we must evaluate the integral I˜. We can do this any way
we like since it is UV and IR finite. A more efficient way than trying to do it directly is to use
again algebraic and shift identities. From the algebraic identity
1
k2 −m21
− 1
(p− k)2 =
m21 − p2 + p+(p− − k−) + p−(p+ − k+)
(p− k)2(k2 −m21)
, (A.17)
we see that if p2 = m21 we can multiply with
p−−k−
(l2−m22)((p−k−l)2−m22)
and integrate over k and l to
get
0 = p+I˜+I
10+
∫
d2kd2l
(2pi)4
p− − k−
(p− k)2(l2 −m22)((p− k − l)2 −m22)
= p+I˜+I
10−I10|m1,p=0 , (A.18)
where in the last step we shifted k → p+ k. However,
I10|m1,p=0 = I100mm|p=0 ,
and since the integral is proportional to p− it vanishes at p = 0 and we have,
p+I˜ + I
10 = 0 .
Thus, for p2 = m22 = m
2
1 = m
2, we finally find, using the above and equation (A.14),
I20[mmm] − p2−I00[mmm] = 0 , (A.19)
which is the extra identity we need in the case of AdS3 × S3 × T 4.
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A.1 Remaining integrals
After the algebraic and shift identities in the above section have been employed we end up with
two remaining integrals, I00[mmm] and I
10
[0mm], that we need to evaluate. Since the integrals are
finite we can evaluate them as we like. Using Feynman parameters we have, for the massive
integral, with p2 = m2,
I00[mmm] =
1
16pi2m2
∫ 1
0
dx1dx2dx3
δ(1− x1 − x2 − x3)
(x1 + x2)(x1 + x3)(x2 + x3)
=
1
64m2
, (A.20)
while for the massless one, with p2 = 0, we find
I10[0mm] =
p−
16pi2m2
∫ 1
0
dx1dx2dx3
δ(1− x1 − x2 − x3)x2x3
(x2 + x3)(x1x2 + x1x3 + x2x3)2
=
p−
16pi2m2
. (A.21)
B Two-loop finiteness of massless BMN two-point function
Since we find a result for the massless modes which does not have the form proposed in [21]
let us demonstrate that the (on-shell) two-point function is finite in the full BMN case. This
is important since it demonstrates the quantum consistency of the theory, yielding validity to
our result for the two-loop correction to the dispersion relation in (1.1) and suggesting that
it is not simply a regularization artifact. The actual computation is rather complicated and
involves heavy use of the identities (4.1) and (4.2) and we will postpone the technical details to
a forthcoming paper (where we will also calculate the finite part of the two-point function).
When we go beyond the strict NFS-limit there are three divergent classes of diagrams and
as before the most complicated to evaluate are the sunset-diagrams. Using (4.1) and (4.2)
repeatedly we find,
= −1
4
γ()2
(
p2− + p
2
+
)
+ finite terms. (B.1)
The second class of diagrams to evaluate is the double tadpole built out of four-vertices. A
simpler calculation gives,
=
1
4
γ()2
(
p2− + p
2
+
)
, (B.2)
which precisely cancels the divergent contribution from the sunset-diagram. Thus, if we can show
that the double tadpole built out of the six-vertex Lagrangian is zero we are done. Performing
the computation shows that this amplitude is proportional to γ()2p+p− which, while non-zero
off-shell, vanishes once we put the external legs on-shell.13
13Note that we have not determined the numerical coefficient in front of the six-vertex tadpole divergence. One
contribution comes from the F 4B2 terms of the Lagrangian which are rather complicated so we have not written
them down explicitly. However, it easy to see that the relevant quartic fermion terms are multiplied with two
massless bosons of the form ∂±u¯∂∓u. These types of terms can only give a contribution like p+p− while the two
internal fermion tadpole-loops gives something proportional to γ()2 and thus the final result is finite on-shell.
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